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THE VOLUME OF THE N-FOLD REDUCED
PRODUCT OF COADJOINT ORBITS
LISA C. JEFFREY AND JIA JI
Abstract. We compute the symplectic volume of the symplectic
reduced space of the product of N coadjoint orbits of a compact
connected Lie group G. We compare our result with the result of
Suzuki and Takakura [24], who study this in the case G = SU(3)
starting from geometric quantization.
Contents
1. Introduction 1
2. Setup 2
3. Notations and Conventions 6
4. The Case G = SU(3) and N = 3 7
5. Generalizations 13
References 14
1. Introduction
Our paper studies the symplectic volume of the reduced product of
N coadjoint orbits. This can be computed by the method of [11] elabo-
rated in [15]. It has also appeared in the literature via geometric quan-
tization and Riemann-Roch [24]. Coadjoint orbits are among the most
commonly used examples of Hamiltonian group actions (via the work
of Kirillov-Kostant-Souriau who identified the symplectic structure on
them). Through quantization and the Bott-Borel-Weil theorem, they
are also linked to representation theory.
Suzuki and Takakura derived a formula for the symplectic volume
of N -fold reduced product of coadjoint orbits in [24]. Their formula
is proved for general N and G = SU(3). Their formula is proved
only for a discrete set of weights (rational values of all weights). Their
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derivation proceeds via Riemann-Roch. We generalize the result to
arbitrary connected compact Lie groups G, and our formula is true for
an open dense set in the space of weights (there is no discrete hypothesis
on the weights). In the case G = SU(3) and N = 3, our formula agrees
numerically with Suzuki and Takakura’s formula.
2. Setup
First, we describe the main object that we are investigating in this
paper.
Let G be a semisimple compact connected Lie group. Let g be the
Lie algebra of G. Let g∗ be the dual vector space of g.
We fix a maximal torus T in G. Let t be the Lie algebra of T . Let t∗
be the dual vector space of t. Let W = N(T )/T be the corresponding
Weyl group.
Let Ad : G → Aut(g) be the adjoint representation of G. Let K :
G→ Aut(g∗) be the coadjoint representation of G. More explicitly,
(1) 〈K(g)ξ,X〉 =
〈
ξ,Ad(g−1)X
〉
for all g ∈ G, X ∈ g, ξ ∈ g∗, where 〈·, ·〉 is the natural pairing between
a covector and a vector.
Remark. Note that for all g, h ∈ G, Ad(g) ◦ Ad(h) = Ad(gh) and
K(g) ◦K(h) = K(gh). That is, both Ad and K are left actions. We
shall always be clear about whether an action is left or right.
Let ad : g→ End(g) be the adjoint representation of g. Let K∗ : g→
End(g∗) denote the representation of the Lie algebra g on g∗ induced
by the coadjoint representation of G. Thus, K∗(X) = − ad(X)
∗.
Remark. Note that both ad : g → End(g) and K∗ : g → End(g
∗) are
Lie algebra homomorphisms.
Since T is a Lie subgroup of G, t can be naturally viewed as a
subspace of g. On the other hand, t∗ can be viewed as a subspace of
g∗ if we identify t∗ with
{ξ ∈ g∗ : K(t)ξ = ξ, for all t ∈ T} .
Let O(ξ) denote the coadjoint orbit through ξ ∈ g∗. The following
theorem is well known.
Theorem 1 (Kirillov-Kostant-Souriau). Given any ξ ∈ g∗, the coad-
joint orbit O(ξ) is a smooth compact connected submanifold in g∗ and
there exists a natural K(G)-invariant symplectic structure on O(ξ). In
other words, there exists a closed non-degenerate K(G)-invariant real
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2-form ωO(ξ) ∈ Ω
2(O(ξ);R) on O(ξ). More explicitly, ωO(ξ) can be
constructed in the following way.
For all η ∈ O(ξ), let Bη be an antisymmetric bilinear form on g
defined by
(2) Bη(X, Y ) := 〈η, [X, Y ]〉
for all X, Y ∈ g. Then ωO(ξ) can be defined by
(3) ωO(ξ)(η)(K∗(X)(η), K∗(Y )(η)) := Bη(X, Y )
for all X, Y ∈ g, η ∈ O(ξ).
Note that for all η ∈ O(ξ) ⊆ g∗, TηO(ξ) = {K∗(X)(η) : X ∈ g}.
This natural 2-form ωO(ξ) is sometimes referred to as the Kirillov-
Kostant-Souriau symplectic form on the coadjoint orbit O(ξ).
Therefore, a coadjoint orbit O(ξ) becomes a symplectic manifold
when it is equipped with its Kirillov-Kostant-Souriau symplectic form
ωO(ξ). In addition, we have the following:
Proposition 2. The coadjoint action of G on (O(ξ), ωO(ξ)) is a Hamil-
tonian G-action with the moment map given by the inclusion map
µO(ξ) : O(ξ) →֒ g
∗. In other words, µO(ξ) is equivariant with respect to
the coadjoint action of G on O(ξ) and the coadjoint action of G on g∗,
and, for all X ∈ g,
(4) dµXO(ξ) = ιρ(X)ωO(ξ)
where µXO(ξ) : O(ξ) → R is defined by µ
X
O(ξ)(η) =
〈
µO(ξ)(η), X
〉
for
all η ∈ O(ξ) and ρ(X) is the vector field on O(ξ) such that for all
η ∈ O(ξ), the tangent vector ρ(X)(η) ∈ TηO(ξ) is
(5)
d
dt
∣∣∣
t=0
(K(exp(−tX))η) .
Let O(ξ1), · · · ,O(ξN) be N coadjoint orbits. Then we can form their
Cartesian product:
(6) M(ξ) := O(ξ1)× · · · × O(ξN)
where
(7) ξ := (ξ1, · · · , ξN) ∈
N︷ ︸︸ ︷
g∗ × · · · × g∗ .
We assume the following:
Assumption 3. All of O(ξ1), · · · ,O(ξN) are diffeomorphic to the ho-
mogeneous space G/T . This assumption is equivalent to the assump-
tion that all of the stabilizer groups StabG(ξ1), · · · , StabG(ξN) are con-
jugate to the chosen maximal torus T . If all of ξ1, · · · , ξN are contained
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in t∗ ⊆ g∗, then this assumption is saying that StabG(ξ1) = · · · =
StabG(ξN) = T .
Remark. Since every coadjoint orbit O(ξ) can be written as O(ξ′) for
some ξ′ ∈ t∗ ⊆ g∗, we can always assume that ξ = (ξ1, · · · , ξN) satisfies
that ξj ∈ t
∗ ⊆ g∗ for all j.
The Cartesian productM(ξ) = O(ξ1)×· · ·×O(ξN) carries a natural
symplectic structure ωξ defined by:
(8) ωξ := pr
∗
1 ωO(ξ1) + · · ·+ pr
∗
N ωO(ξN )
where prj : O(ξ1) × · · · × O(ξN) → O(ξj) is the projection onto the
j-th component.
Let G act onM(ξ) = O(ξ1)×· · ·×O(ξN) by the diagonal action ∆:
(9) ∆(g)(η1, · · · , ηN) := (K(g)(η1), · · · , K(g)(ηN))
for all g ∈ G, ηj ∈ O(ξj).
In addition to that the symplectic form ωξ is clearly G-invariant, we
also have the following:
Proposition 4. The diagonal action ∆ of G on (M(ξ), ωξ) is a Hamil-
tonian G-action with the moment map µξ :M(ξ)→ g
∗ being:
(10) µξ(η) =
N∑
j=1
ηj
for all η := (η1, · · · , ηN) ∈M(ξ).
We assume that:
Assumption 5. 0 ∈ g∗ is a regular value for µξ : M(ξ) → g
∗ and
µ−1ξ (0) 6= ∅.
Remark. By Sard’s theorem, the set
(11) A :=

ξ ∈
N︷ ︸︸ ︷
t∗ × · · · × t∗ : Assumptions 3, 5 hold.


is nonempty and has nonempty interior in t∗ × · · · × t∗.
Then, the level set M0(ξ) := µ
−1
ξ (0) is a closed, thus compact, sub-
manifold ofM(ξ) and the diagonal action ∆ of G restricts to an action
on M0(ξ). Therefore, we can form the quotient space with respect to
this action of G on M0(ξ):
(12) Mred(ξ) :=M0(ξ)/G.
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Sometimes, the above quotient space is also denoted byM(ξ)//G. Note
that this quotient space is also compact.
If the G-action onM0(ξ) is free and proper (in our situation, proper-
ness is automatically satisfied), then the quotient space Mred(ξ) =
M0(ξ)/G is a smooth manifold. However, in our situation, the G-
action on M0(ξ) is in general not free. Hence, in general the quotient
space is only an orbifold [12]. To avoid this complication, we will as-
sume:
Assumption 6. The quotient space Mred(ξ) =M0(ξ)/G is a smooth
compact manifold.
Remark. The above assumption will put further restrictions on which
ξ ∈ t∗ × · · · × t∗ we can choose as initial data. Thus we only choose
initial data from the following set in this paper:
(13) A′ :=

ξ ∈
N︷ ︸︸ ︷
t∗ × · · · × t∗ : Assumptions 3, 5, and 6 hold.


Suzuki and Takakura also made this assumption in their paper [24]
(in Section 2.3). It seems reasonable to us to assume that even after
Assumption 6 is imposed, the initial data set A′ is still nonempty and
still has nonempty interior in t∗×· · ·×t∗. Notice that since the elements
in the center of G always act trivially onM(ξ) andM0(ξ), Assumption
6 is valid if PG = G/Z(G) acts freely on M0(ξ). This happens for
G = SU(n) if all the coadjoint orbits O(ξi) are generic.
Then, we have the following well known theorem:
Theorem 7 (Marsden-Weinstein). The smooth compact manifoldMred(ξ) =
M0(ξ)/G carries a unique symplectic structure ωred(ξ) such that
(14) i∗ωξ = π
∗ωred(ξ)
where i : M0(ξ) →֒ M(ξ) is the inclusion map and π : M0(ξ) →
Mred(ξ) is the associated projection map.
Definition 8. We call this compact symplectic manifold (Mred(ξ), ωred(ξ))
an N-fold reduced product.
Now, it is natural to consider the symplectic volume of an N -fold
reduced product. Notice that for a compact symplectic manifold (M,ω)
of real dimension 2n, its symplectic volume SVol(M) is defined by
(15) SVol(M) :=
∫
M
eω/(2pi) =
∫
M
(
eω/(2pi)
)
[2n]
=
∫
M
ωn
(2π)nn!
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where σ[j] is the homogeneous component of degree j of the differential
form
σ = σ[0] + σ[1] + · · · .
Note that in the case of n = 0, namely, whenM consists of k discrete
points for some positive integer k, then SVol(M) = k.
Notice that
(16) SVol(M) =
1
(2πi)n
∫
M
eiω.
We want to know how SVol(Mred(ξ)) varies as ξ varies. We want to
obtain a formula computing SVol(Mred(ξ)).
Remark. The dimension of an N -fold reduced product is
(17) N(dimG− dim T )− 2 dimG = (N − 2) dimG−N dim T
when all orbits are generic. In the case G = SU(3) and N = 3 , this is
dimG−3 dimT = 8−6 = 2. These reduced products are diffeomorphic
to the 2-sphere [17].
3. Notations and Conventions
3.1. Notations. If the initial point ξ is clear in the context, we will
suppress the inclusion of the point ξ in our notations and write, for
example,M,M0,Mred instead ofM(ξ),M0(ξ),Mred(ξ), respectively.
Similarly, this is done for the notations of the symplectic structures
and so on.
3.2. Left Actions Versus Right Actions. We shall always be clear
about whether we are dealing with a left action or a right action.
Let G be a Lie group. Let g be the Lie algebra of G. Let M be a
manifold. Let Φ : G×M →M be a left G-action on M . Then, for all
X ∈ g, the associated fundamental vector field ρ(X) on M is defined
by:
(18) ρ(X)x :=
d
dt
∣∣∣
t=0
((exp(−tX)) · x)
for all x ∈M .
Let Ψ :M ×G→ M be a right G-action on M . Then, for all X ∈ g,
the associated fundamental vector field ρ(X) on M is defined by:
(19) ρ(X)x :=
d
dt
∣∣∣
t=0
(x · (exp(tX)))
for all x ∈M .
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The definitions above for fundamental vector fields of left and right
actions ensure that the following map
ρ : g→ Γ(M,TM)
is a Lie algebra homomorphism from the Lie algebra g to the Lie algebra
Γ(M,TM) of smooth vector fields on M .
3.3. The inner product structure on g. Since our compact con-
nected Lie group G is semisimple, the Killing form on g is negative
definite and hence there is a G-invariant inner product structure (·, ·)
on g. Let s be the real dimension of the maximal torus T . Then our
convention for the inner product on g is:
(20) (X, Y ) :=
−1
(2π)s
tr(ad(X) ◦ ad(Y ))
for all X, Y ∈ g.
We will use this inner product structure on g to identify g and g∗,
and also t and t∗. Under this identification, the coadjoint representa-
tion is identified with the adjoint representation. Hence we can define
everything in the adjoint setting. For matrix Lie groups, the adjoint
setting is often more convenient for carrying out computations.
4. The Case G = SU(3) and N = 3
In this section, we study 3-fold reduced products, or triple reduced
products for G = SU(3). See [17], [14] for recent studies about these
objects. Our focus is on the symplectic volume of triple reduced prod-
ucts.
4.1. The Setup for the case G = SU(3). The setup here is due
to [24].
Let G = SU(3) and let T be its standard maximal torus, i.e., T
consists of diagonal matrices in SU(3). Let g be the Lie algebra of G
and let t be the Lie algebra of T . Let g∗ be the dual vector space of g
and let t∗ be the dual vector space of t.
In this case, we know that the corresponding Weyl group W is iso-
morphic to the permutation group S3.
The Weyl group W acts on t∗ ∼= t by permutations of diagonal en-
tries.
The elements
H1 := 2πi

1 0 00 −1 0
0 0 0

 , H2 := 2πi

0 0 00 1 0
0 0 −1


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in t are generators of the integral lattice exp−1(I) ⊂ t. In addition,
H1, H2 form a basis of t. Let ω1, ω2 be the basis of t
∗ dual to H1, H2,
i.e., ωi(Hj) = δij . Under the identification t
∗ ∼= t, ω1, ω2 correspond to
the elements
Ω1 :=
2πi
3

2 0 00 −1 0
0 0 −1

 , Ω2 := 2πi
3

1 0 00 1 0
0 0 −2


in t, respectively.
Let t∗+ := R≥0ω1 + R≥0ω2 and Λ+ := Z≥0ω1 + Z≥0ω2. So t
∗
+ is
a positive Weyl chamber and Λ+ is the associated set of dominant
integral weights. Any element ξ of t∗+ or Λ+ can be written as
(21) ξ = (ℓ−m)ω1 +mω2, ℓ ≥ m ≥ 0.
Under the identification t∗ ∼= t, ξ corresponds to the element
(22) X = (ℓ−m)Ω1 +mΩ2.
Every coadjoint orbit can be written as Oξ for some ξ ∈ t
∗
+, and in
this case, Oξ ∩ t
∗ is the W -orbit through ξ, and Oξ ∩ t
∗
+ = {ξ}.
If ξ = (ℓ − m)ω1 + mω2 ∈ t
∗
+ with ℓ > m > 0, then StabG(ξ) = T
and Oξ is diffeomorphic to the homogeneous space G/T .
Let ξ1, ξ2, ξ3 ∈ t
∗
+ so that ξi = (ℓi − mi)ω1 + miω2 with ℓi > mi >
0. Let ξ := (ξ1, ξ2, ξ3). Then, ξ determines a triple reduced product
(Mred(ξ), ωred(ξ)).
4.2. Symplectic Volume of a Triple Reduced Product. By the
localization technique in [15],
∫
Mred
eiωred can be expressed as a finite
sum of contributions indexed by the fixed point set MT of M under
the action of the maximal torus T :
(23) MT = {(w1 · ξ1, w2 · ξ2, w3 · ξ3) : w1, w2, w3 ∈ W} .
More precisely, we have
(24)
∫
Mred
eiωred =
∑
w∈W 3
∫
X∈t
̟2(X)
ei〈µ(w·ξ),X〉
ew·ξ(X)
dX,
where w = (w1, w2, w3) ∈ W
3, ξ = (ξ1, ξ2, ξ3) and
(25) w · ξ := (w1 · ξ1, w2 · ξ2, w3 · ξ3),
and ̟(X) =
∏
α 〈α,X〉 with α running over all positive roots of G =
SU(3) and eF (X) is the equivariant Euler class of the normal bundle
to the fixed point F . In this case,
(26) ew·ξ(X) = sgn(w)̟
3(X),
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where sgn(w) := sgn(w1) sgn(w2) sgn(w3).
Hence, we have:
Theorem 9.
(27)
∫
Mred
eiωred =
∑
w∈W 3
sgn(w)
∫
X∈t
ei〈µ(w·ξ),X〉
̟(X)
dX.
On the other hand, the symplectic volume of the reduced space
µ−1η,T (0)/T of the Hamiltonian system (Oη, ωη, T, µη,T ), where µη,T :
Oη →֒ t
∗ ⊂ g∗ is the moment map associated to the Hamiltonian
group action (in this case, the coadjoint action) on Oη by the stan-
dard maximal torus T , is expressed by the following formula, known
from [11], [15]:
Theorem 10.
(28) SVol(µ−1η,T (0)/T ) =
1
2πi
∑
w∈W
sgn(w)
∫
X∈t
ei〈w·η,X〉
̟(X)
dX.
Let
(29) f(η) := 2πi SVol(µ−1η,T (0)/T ) =
∑
w∈W
sgn(w)
∫
X∈t
ei〈w·η,X〉
̟(X)
dX.
Then, by writing w2 = w1w
−1
1 w2, w3 = w1w
−1
1 w3 and letting w
′
2 =
w−11 w2, w
′
3 = w
−1
1 w3, we obtain
(30)
∫
Mred
eiωred =
∑
w′
2
∈W
∑
w′
3
∈W
sgn(w′2) sgn(w
′
3)f(ξ1 +w
′
2 · ξ2 +w
′
3 · ξ3).
On the other hand, it is known from [15] that
Theorem 11.
(31) SVol(µ−1η,T (0)/T ) =
∑
w∈W
sgn(w)Hβ(w · η)
where β = (β1, β2, β3) and β1, β2, β3 are the positive roots of SU(3),
and
(32) Hβ(ξ) := vola
{
(s1, s2, s3) ∈ R
3
≥0 :
3∑
i=1
siβi = ξ
}
where vola here denotes the standard a-dimensional Euclidean volume
multiplied by a normalization constant, and
(33) a = r − dim T
where r is the number of positive roots of SU(3). Notice that in this
case a = 1.
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Therefore,
∫
Mred
eiωred can also be expressed as
(34)
2πi
∑
w′
2
∈W
∑
w′
3
∈W
sgn(w′2) sgn(w
′
3)
∑
w1∈W
sgn(w1)Hβ(w1·(ξ1+w
′
2·ξ2+w
′
3·ξ3)).
By letting w′2 = w
−1
1 w2, w
′
3 = w
−1
1 w3, we then obtain
(35)
∫
Mred
eiωred = 2πi
∑
w∈W 3
sgn(w)Hβ(µ(w · ξ)).
Hence, we obtain the volume formula for triple reduced products for
G = SU(3):
Theorem 12.
(36) SVol(Mred(ξ)) =
∑
w∈W 3
sgn(w)Hβ(µ(w · ξ)).
Here, Hβ : t
∗ → R is called the Duistermaat-Heckman function for
G = SU(3). For general semisimple compact connected Lie group G,
it can be defined as follows:
Definition 13.
(37) Hβ(ξ) = vola
{
(s1, · · · , sr) : si ≥ 0,
r∑
i=1
siβi = ξ
}
where β = (β1, · · · , βr) and β1, · · · , βr ∈ t
∗ are all the positive roots of
G and a = r − dimT .
Remark. It is clear from the above definition that Hβ is supported in
the cone
(38) Cβ :=
{
r∑
i=1
siβi : si ≥ 0
}
⊆ t∗.
In the case G = SU(3), we have r = 3 and β1 = H1, β2 = H2, β3 =
H1+H2. If ξ = (ℓ−m)Ω1+mΩ2 = (ℓ−m) · (2H1+H2)/3+m · (H1+
2H2)/3, then we obtain:
(39) Hβ(ξ) = κ ·max
{
min
{
2
3
ℓ−
1
3
m,
1
3
ℓ+
1
3
m
}
, 0
}
where κ is a normalization constant. Notice that here we have identified
g∗ with g, and thus t∗ with t, by the inner product structure on g.
We fix the basis {Ω1,Ω2 − Ω1} for t. Then, each ξi = (ℓi −mi)Ω1 +
miΩ2 ∈ t has (ℓi, mi) as its coordinates in this basis. Hence, ξ =
(ξ1, ξ2, ξ3) can be represented in this basis by the vector
(40) (ℓ1, ℓ2, ℓ3, m1, m2, m3) ∈ R
6.
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Also in this basis, the Weyl group elements {v0, v1, · · · , v5} corre-
spond to the following matrices:
v0 = σ1 = Id ∼=
(
1 0
0 1
)
v1 = σ4 = (1 2) ∼=
(
0 1
1 0
)
v2 = σ3 = (1 2 3) ∼=
(
0 −1
1 −1
)
v3 = σ6 = (1 3) ∼=
(
−1 0
−1 1
)
v4 = σ5 = (1 3 2) ∼=
(
−1 1
−1 0
)
v5 = σ2 = (2 3) ∼=
(
1 −1
0 −1
)
where {σ1, · · · , σ6} is an enumeration of the Weyl groupW used in [24].
Hence, the symplectic volume of a triple reduced product for G =
SU(3) can be computed explicitly by the following formula:
Theorem 14.
SVol(l1, l2, l3, m1, m2, m3) =(41)
κ
5∑
i,j,k=0
(−1)i+j+kmax
{
min
{
(
2
3
pr1−
1
3
pr2)(Pijk),
(
1
3
pr1+
1
3
pr2)(Pijk)
}
, 0
}
where
(42) Pijk(l1, l2, l3, m1, m2, m3) = vi ·
(
l1
m1
)
+ vj ·
(
l2
m2
)
+ vk ·
(
l3
m3
)
and pr1, pr2 : R
2 → R are the standard projections to the first and
second coordinates, respectively.
4.3. A Recent Result of the Symplectic Volume. In 2008, Suzuki
and Takakura [24] gave a result about the symplectic volume of an N -
fold reduced product Mred(ξ) for G = SU(3) and N ≥ 3, with ξ lying
in a discrete set.
In particular, their result for N = 3 is as follows.
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Definition 15. A 6-tuple (I1, · · · , I6), where each Ii is a subset of
{1, 2, 3}, is called a 6-partition of {1, 2, 3}, if I1 ∪ · · · ∪ I6 = {1, 2, 3}
and Ii ∩ Ij = ∅ if i 6= j.
Now let ξi = (ℓi −mi)ω1 +miω2 ∈ Λ+ with ℓi > mi > 0, ℓi, mi ∈ Z,
for i ∈ {1, 2, 3}.
Let L := ℓ1 + ℓ2 + ℓ3 and M := m1 +m2 +m3.
They assume the following condition (in order to apply GIT tech-
niques):
Assumption 16. (L+M) is divisible by 3.
Definition 17. For any I ⊂ {1, 2, 3}, define
(43) ℓI =
∑
i∈I
ℓi, mI =
∑
i∈I
mi.
If I and J are disjoint subsets of {1, 2, 3}, define
(44) ℓI,J = ℓI + ℓJ =
∑
i∈I∪J
ℓi, mI,J = mI +mJ =
∑
i∈I∪J
mi.
Let ξ = (ξ1, ξ2, ξ3).
Definition 18. Denote by Iξ the set of all 6-partitions (I1, · · · , I6)
such that
(45) ℓI1,I2 +mI4,I5 <
1
3
(L+M), ℓI3,I4 +mI6,I1 <
1
3
(L+M),
and denote by Jξ the set of all 6-partitions (I1, · · · , I6) such that
(46) ℓI3,I4 +mI6,I1 >
1
3
(L+M), ℓI5,I6 +mI2,I3 >
1
3
(L+M).
Notice that Iξ and Jξ are disjoint for any ξ.
Definition 19. Define the functions Aξ : Iξ → R and Bξ : Jξ → R as
follows:
(47) Aξ(I1, · · · , I6) :=
−(−1)|I1|+|I3|+|I5|
6
(
L+M
3
− ℓI1,I2 −mI4,I5),
(48) Bξ(I1, · · · , I6) :=
−(−1)|I1|+|I3|+|I5|
6
(ℓI5,I6 +mI2,I3 −
L+M
3
).
Then Suzuki and Takakura conclude that the symplectic volume of
Mred(ξ) is given by the following formula:
Theorem 20.
(49) V(ξ) =
∑
(I1,··· ,I6)∈Iξ
Aξ(I1, · · · , I6) +
∑
(I1,··· ,I6)∈Jξ
Bξ(I1, · · · , I6).
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Since both our formula (41) and their formula (49) describe the sym-
plectic volume for the same object, they should agree. In addition,
there are numerical evidences that they indeed agree.
5. Generalizations
5.1. Symplectic volume of triple reduced products for general
semisimple compact connected Lie group G. Our method applies
to any semisimple compact connected Lie group G. Therefore, theo-
rems 9, 10, 11 and 12 still hold in this more general situation (of course,
the set of positive roots is now different and the Duistermaat-Heckman
function Hβ should be replaced by the general one in Definition 13).
5.2. Symplectic volume of N-fold reduced products for general
semisimple compact connected Lie group G. We can also gener-
alize our results from the triple reduced product (symplectic quotient
of product of three orbits) to the N -fold reduced product (symplectic
quotient of product of N orbits). The formulas are similar, although
we no longer get a piecewise linear function (the formulas are piecewise
polynomial).
In this most general setting, we have the following:
Theorem 21.
(50)
∫
Mred
eiωred =
∑
w∈WN
sgn(w)
∫
X∈t
ei〈µ(w·ξ),X〉
̟N−2(X)
dX
where ξ = (ξ1, · · · , ξN), w = (w1, · · · , wN) ∈ W
N and
(51) ̟(X) =
∏
α
〈α,X〉
where α runs over all the positive roots of G.
Proof. In this case, the equivariant Euler class is
(52) ew·ξ(X) = sgn(w)̟
N(X).

In addition, the symplectic volume of Mred can be computed by a
similar formula involving Duistermaat-Heckman functions:
Theorem 22.
(53) SVol(Mred) =
∑
w∈WN
sgn(w)H(N−2)·β(µ(w · ξ))
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where β = (β1, · · · , βr) with β1, · · · , βr being all the positive roots of G
and the Duistermaat-Heckman function H(N−2)·β is defined as follows:
H(N−2)·β(ξ) := vola
{
(s
(1)
1 , · · · , s
(1)
r , · · · , s
(N−2)
1 , · · · , s
(N−2)
r ) :
(54)
s
(j)
i ≥ 0, for all i and j, and
N−2∑
j=1
r∑
i=1
s
(j)
i βi = ξ
}
where r is the number of positive roots of G and a = (N−2) ·r−dim T .
Remark. Notice that here the Duistermaat-Heckman function is piece-
wise polynomial.
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